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Abstract. We construct, using fermionic functional integrals, thermodynamic Green's 
functions for a weakly coupled fermion gas whose Fermi energy lies in a gap. Estimates on 
the Green's functions are obtained that are characteristic of the size of the gap. This prepares 
the way for the analysis of single scale renormalization group maps for a system of fermions 
at temperature zero without a gap. 
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I. Introduction 



The standard model for a gas of weakly interacting electrons in a <i-dimensional 
crystal is given in terms of 

• a single particle dispersion relation (shifted by the chemical potential) e(k) on IR d , 

• an ultraviolet cutoff U(k) on TR d , 

• the interaction v. 

Here k is the momentum variable dual to the position variable x G IR d . The Fermi surface 
associated to the dispersion relation e(k) is by definition 

F = { k G R d | e(k) = } 

The ultraviolet cutoff is a smooth function with compact support that fulfills < U(h) < 1 
for all k G We assume that it is identically one on a neighbourhood of the Fermi 

surface^. The function i>(x) is rapidly decaying; it gives a spin independent translation 
invariant interaction i>(xi — X2) between the fermions. 

This situation can be described in field theoretic terms as follows: There are anti- 
commuting fields ^ ff (io,x), ?/v(;co,x), where xq G 1R is the temperature (or Euclidean time) 
argument and a G {|, 1} is the spin argument. For x = (xo,x, a) we write ^(x) = ifj a (xo,x.) 
and tfj(x) = ^(j(xo,x). The covariance of the Grassmann Gaussian measure, dfic, for these 
fields has Fourier transform 



iko — e(k) 

Precisely, for x = (xq, x, a), x' = (x' , x', a') G IR x IR 2 x {|, |} 



C(X,X') = / i>(x)4,(x')dflc(lp,i>)=Sa,a' / — — __e , ' <fc ' x — :E ' > - (7(fc) 



~ i<k,x—x>. 
(27^+! 

where < k, x — x' >_= —ko{x — x' ) + k ■ (x — x') for k = (k , k) G IR x IR d . The interaction 
between the fermions is described by an effective potential 



V(V>,V0= / Vo(xi,X2,X3,x 4 )i(:(xi)ip(x2)ip(x3)'i(;(x4) dxidx 2 dxsdx4 

J(IRxIR 2 x{T,U) 4 

with the interaction kernel 

Vo((^l,0,Xi,cri),---,(x4 )0 ,X4,(T4)) = ~\5(x U X 2 )S(x 3 , X 4 )8(x li0 - X 3j0 )v (x X - X 3 ) 



( x ) In particular, we assume that F is compact. 



f 



where 8((xq, x, a), (xq, x' , a')) = 5(x — x' )5(x. — x.')5 - j0 ->. More generally we will discuss 
translation invariant and spin independent interaction kernels Vq(xi, X2, £3, X4). 

Formally, the generating functional for the connected amputated^ 2 ) Green's func- 
tions is 

e amp (0,0) = logi J e v ^+^+^ ducty,® 

where Z = J e v ^^ duci^, V0- The connected amputated Green's functions themselves are 
determined by 

£am P (>, 4>) = 2_^ W / n dxidyi G^ p (x u y u ■ ■ ■ ,x n , y n ) U <j>{xi)<j>{yi) 

n=l J 1=1 1=1 

The fields 0, are called source fields, the fields ip, ip internal fields. 

In a renormalization group analysis, the covariance C is written as a sum 

3=0 

where (k) is supported on the set k = (k , k) e IR x IR d for which \C(k) | is approximately 
M J . Here M > 1 is a scale parameter. To successively integrate out scales j = 0, 1, • • •, we 
use the renormalization group map analyzed in [FKTrl]. For any covariance S we set 

Q S (W)(<^, = log i | e w ^^+^ + ^ s (C,C) 

Here, W is a Grassmann function and the partition function is Z = J e w (°' '^) d/j,s(( : C). 
O5 maps Grassmann functions in the variables 0, 0, ip to Grassmann functions in the same 
variables. Clearly 

£amp(0,0)=ftc(V)(O,O,0,0) (1.1) 

where we view V(ip, V>) as a function of the four variables 0, 0, tp, V> that happens to be 
independent of 0, 0. Also, O obeys the semigroup property 

Even for a cutoff covariance S, it is not a priori clear that Qg(W) makes sense for a reasonable 
set of W's. On the other hand, it is easy to see, using graphs, that each term in the formal 
Taylor expansion of Os(W) in powers of W is well-defined for a large class of W's and cutoff 



( 2 ) with respect to the bare propagator C(x,y) 
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S's. The Taylor expansion of / e w(<t>^+(^+C) £) is £~ =1 £ n (W, • • • , W) where the 

n th term is the multilinear form 

Sn(nv--,ng = ^ | Wi(0,0,v + C,^ + C)--->Vn(0,0,V' + C,^ + C) ^s(CC) 

restricted to the diagonal. Explicit evaluation of the Grassmann integral expresses Q n as the 
sum of all graphs with vertices Wi , • • • , W n and lines S. The (formal) Taylor coefficient 

^ j^Qs(ti Wi + ■ ■ • + t n W n ) of Os(W) is similar, but with only connected 

graphs. We prove in [FKTrl] that, under hypotheses that will be satisfied here, the formal 
Taylor series for fis(>V) converges to an analytic^ 3 ) function of W. 

In part 3 of this paper, we analyze the maps C ( 3 ) in great detail. These results are 
used in our proof [FKTfl,2,3] that the temperature zero renormalized perturbation expansions 
of a class of interacting many-fermion models in two space dimensions have nonzero radius 
of convergence. In this first part, we apply the general results of [FKTrl] to many fermion 
systems. In particular, we introduce concrete norms that fulfill the conditions of §11.4 of 
[FKTrl] and develop contraction and integral bounds for them. Then, we apply Theorem 
11.28 of [FKTrl] and (1.1) to models for which the dispersion relation is both infrared and 
ultraviolet finite (insulators). For these models, no scale decomposition is necessary. 

In the second part of this paper, we introduce scales and apply the results of part 1 
to integrate out the first few scales. It turns out that for higher scales the norms introduced 
in parts 1 and 2 are inadequate and, in particular, power count poorly. Using sectors, we 
introduce finer norms that, in dimension two, power count appropriately. For these sectorized 
norms, passing from one scale to the next is not completely trivial. This question is dealt 
with in part 4. Cumulative notation tables are provided at the end of each part of this paper. 



(3) p or an elementary discussion of analytic maps between Banach spaces see, for example, Appendix 
A of [PT]. 



3 



II. Norms 



Let A be the Grassmann algebra freely generated by the fields <j>(y) , <j>(y) with 
y G IR x IR d x {T, !}• The generating functional for the connected Greens functions is 
a Grassmann Gaussian integral in the Grassmann algebra with coefficients in A that is gen- 
erated by the fields tp(x),'ijj(x) with x G IR x lR d x {|, J,}. We want to apply the results of 
[FKTrl] to this situation. 

To simplify notation we define, for £ = (xo, x, a, a) = (x, a) G IRxIR d x {f, |}x{0, 1}, 
the internal fields 

nU \i(>(x) ifa = l 



0(7/) 



Similarly, we define for an external variable 77 = (7/0 ; y 5 t~, b) = (y, b) G IR x IR x {f , |} x {0, 1}, 
the source fields 

f if b = 

\0(y) if 6=1 

£> = IR x IR 2 x {T, !} x {0, 1} is called the "base space" parameterizing the fields. The 
Grassmann algebra A is the direct sum of the vector spaces A m generated by the products 
4>(r)i) ■ ■ -0(?7 m ). Let V be the vector space generated by t/>(£), £ G B. An antisymmetric func- 
tion C(£,£ ; ) on B x B defines a covariance on V by C(^(0,^(^')) = C(^;C0- The Grassmann 
Gaussian integral with this covariance, f ■ dfic(^), is a linear functional on the Grassmann 
algebra f\ A V with values in A. 

We shall define norms on f\ A V by specifying norms on the spaces of functions on 
B m xB", m, n > 0. The rudiments of such norms and simple examples are discussed in this 
section. In the next section we recall the results of [FKTrl] in the current concrete situation. 

The norms we construct are (d+l)-dimensional seminorms in the sense of Definition 
11.15 of [FKTrl]. They measure the spatial decay of the functions, i.e. derivatives of their 
Fourier transforms. 



Definition II. 1 (Multiindices) 

i) A multiindex is an element 5 = (8q, 81, ■ ■ ■ , 5d) G INo x INq. The length of a multiindex 
6 = (So, Si, • • ■ Sd) is \S\ = So + Si + ■ ■ ■ + Sd and its factorial is SI = SolSil • ■ - SJ 1 -- For two 
multiindices 5, S' we say that S < S' if Si < S[ for i = 0, 1, • • • , d. The spatial part of the 
multiindex S = (So, Si, ■ ■ - Sd) is S = (Si, ■ ■ - Sd) G INq. It has length \S\ = Si + ■ ■ ■ + Sd- 

ii) Let S, S^\ • • • , S^ be multiindices such that S = S^ + ■■■ + S^ . Then by definition 
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iii) For a multiindex 5 and x = (x ,x, a), x' = (x' ,x.',a') G IR x IR d x {|, |} set 

(x - x') 5 = (x - x' ) s » (xi - x^ 1 • • • (Xd - 

If £ = (x, a), f = (x', a') G £> we define (£ - f = (x - z')' 5 - 

iv) For a function /(£i, • • • , £ n ) on £> n , a multiindex 5, and 1 < i, j < n; i ^ j set 

^/(ei,---,e») = (6-o tf /(ei,---,e») 

Lemma II. 2 (Leibniz's rule) Let ^ e a function on B n and • • • , Cm) « 

function on B m . Set 

Jb 

Let 5 be a multiindex and 1 < i < n — 1, n<j<n + m — 2. TTien 

^i, i# (4i.-,^n+m-2) = X] is'6-6') / ^ ^f,n/ ' •" 1 ' r >) ^1, j-n+lf • • • ,U+m,-2) 

5><5 ' </S 

Proof: For each n £ B 



Definition II. 3 (Decay operators) Let n be a positive integer. A decay operator V on 
the set of functions on B n is an operator of the form 

v = v s(1) ---V^ 

with multiindices tr 1 \- • • , 8^ and 1 < Uj,Vj < n, Uj ^ Vj. The indices Uj,Vj are called 
variable indices. The total order of derivatives in V is 

S(V) = + • • • + 5 {k) 

In a similar way, we define the action of a decay operator on the set of functions on (IR x IR d ) n 
or on (R x R d x {|, |}) n . 
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Definition II. 4 

i) On IR_|_ U {00} = {xGlR|x>0}u {+00}, addition and the total ordering < are defined 
in the standard way. With the convention that • 00 = 00, multiplication is also defined in 
the standard way. 

ii) Let d > —1. For d > 0, the (d + l)-dimensional norm domain Vld+i is the set of all formal 
power series 

<5eINoXlNg 

in the variables to, ti, • • ■ , td with coefficients X§ e IR + U {00}. To shorten notation, we 
set t s = tjj'tf 1 ■■■t 5 d d . Addition and partial ordering on %ld+i are defined componentwise. 
Multiplication is defined by 

(x.x') s = E 

13+1=5 

The max and min of two elements of Wld+i axe again defined componentwise. 

The zero-dimensional norm domain < 3lo is defined to be IR_|_U{oo}. We also identify IR_|_U{oo} 

with the set of all X e m d+1 with X s = for all 8 ^ = (0, • • • , 0). 

If a > 0, X 7^ 00 and a — X > then (a — X)~ x is defined as 



00 

n 



("-^r 1 = ^WE(|fg') 

n=0 

For an element X = E<5eiNoxiN d t s of Vld+i and < j < d the formal derivative ^-X is 
defined as 

^x= Qj + VXs+v t 5 

(5eINoX]N^ 

where ej is the j th unit vector. 

Definition II. 5 Let E be a complex vector space. A (d+ 1) -dimensional seminorm on E is 
a map || • || : E — > 9t</+i such that 

||ei + e 2 || < ||ei|| + ||e 2 || , ||Ae|| = |A| ||e|| 

for all e, ei, e 2 G i? and A G C. 

Example II. 6 For a function / on B m x B n we define the (scalar valued) Li-Loo-norm as 

max sup / J] I •••,£„) I if m = 

l<j <n gB j=i,--,n 



im 



1,00 



sup / J] <%j \f(Vir--,Vml fir ••»&»)! ifm^O 

m,---,Vm€B j=l,---,n 
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and the (d + l)-dimensional Li-L^ seminorm 



S \{ v 

l.oo = < *6lN xINg 



max 

decay operator 
with 8(T>) = 8 



\Vf\\\ 1 , oo )t s °t s 1 i---t s / ifm = 



1,00 



Here |||/|||i j0 o stands for the formal power series with constant coefficient 
other coefficients zero. 



if m ^ 

1,00 and all 



Lemma II. 7 Let f be a function on B m x B n and f a function on B m x B n . Let 1 < /j, < 
n, 1 < v < n'. Define the function g on B m+m ' x B n+n '~ 2 by 

Jb 



If m = or m' = 



Mill, °o < 



1,00 



1,00 



1,00 



< 



1,00 \\J 111, 00 



Proof: We first consider the norm ||| • |||i <x>. m t ne case to 7^ 0, m' = 0, for all 771, • • • , r\ m e B 



J = l 



< 



< 



sup 



l,CSO 



l.OO 



The case m = 0, m' 7^ is similar. In the case m = m' = first fix j £ {1? ' " ? n ) \ 
and fix £ J0 e B. As in the case m^0,m' = one shows that 



n+n 



1 j ^£.7 ^(^l!"-,^-!, Cp + l ,'",£71, t,n + l,---,in + v-l, (.n + v + l, ••-,£„ + „') 



J = l 



< 



j=i 



sup 



II < / , (€i,-,C-i.C,C+i.-,C 



i = i 



< iimikc 



1,00 



If one fixes one of the variables £ J0 with jo e {n + I, • • -n + n'} \ {n + z/}, the argument is 
similar. 
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We now consider the norm || ■ || 1;00 . If m 7^ or m' 7^ this follows from the first 
part of this Lemma and 



1,00 



1,00 \\\J |||i,oo < ||7 lli.oo ||7 lli.oo 



So assume that m = m' = 0. Set 



1,00 — h^st 6 

<5eINoXlNg 



1,00 — j\ Xst s 

<5eINoXlNg 

1,00 = X/ ~s\ 1 



with X5, X' s , Ys E TR+ U {00}. Let V be a decay operator of degree 5 acting on g. The variable 
indices for g lie in the set I U I', where 

i" = {1, • • - 1, //+ 1, • • -,n} 
I' = {n + 1, • • • , n + v — 1, n + v + 1, • • • , n + n'} 

We can factor the decay operator V in the form 

V = ± V V 2 V 1 

where all variable indices of T>\ lie in /, all variable indices of V 2 lie in and 

v = v s(1) ...v s{k) 

with ui, • • • , Uk El, vi, • ■ • , Vk El'. Set h = T>\f and h! = T>if . By Leibniz's rule 

9 — / dC/l(^l,-"i^/i-liC)^/i+lr"i^Ti) h f (£ n+1 ,---,£ n+ v-l, C, £n+i/+l,-"j£ Il +„') 



n ( Q (C/3w)) / d c(.n<»fc,-^-i,(,wi>-^) 



for i = l , ■ ■ ■ , k 



k 



A: 



( EI ^V^i^ 1 ) (£n+l,-",£n+i>-l I Ci ln+i/+l,-"i^„+„') 



i=l 



By the first part of this Lemma, the Li-Loo-norm of each integral on the right hand side is 
bounded by 



niOlLJl.niO'lL 



i=i 



Therefore, setting 5 = 8(D) = + • • • + <5 (fe) , 



gh,^ < E ( n ( a( Co))*' (2,l) * a(1)+ - +a(fc) III n Ox/jiil 



(i)+f3(i) =S {i) 
for i=l,...,fc 



L,oo 



< 



E E 

C 1 ) -| ho:( fe ) 

/3( 1 ) + ...+/3( fc )=/3 



^ 2) ^> + ... + ^> in n in 1>00 

i=l 

n («<€<■>)) x S(T , 1)+at ^- x> HT>M t^>+<> 

i—l ' 



- E (<5(Di)+a %(© 2 )+/3) X S(V 1 )+ a t S{Vl)+a X' 6{p2)+p t 5{V2)+l3 
a+/3=<5 



(III) 



In the equality, we used the fact that for each pair of multiindices a, (3 with a + (3 = 8 and 
each /c-tuple of multiindices 8^ l \ 1 < i < k, with YE 8^> = 8 



E n ( a w,/3w) - (a 5 /?) 



a (i) +/3 (<)=5( < ) 
a (l) + ... +a (fe) =a! 
i g(l) + ... +i g(fc) =(3 



i = l 



This standard combinatorial identity follows from 



E L%)^ = (* + y) 5 =n(x + y) 5 =n 



V ( s(i) W 010 /'! 

a (i)+/3(i)=5(i) 



l (*)+/3(»)=«(») 

1 = 1, •••,/! 



E P (aW,/3(*)) 



1=1 



by matching the coefficients of x a y@ . 
It follows from (II. 1) that 



and 



E5 t 5 < E 77! ^° 7^1 ^ 



l,oo < E E 77\ Xa ' ta W*. X 'f3' tl3 - ll/l|l,oo ||./ ||1 x 
S a'+P'=S 
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Corollary II. 8 Let f be a function on B n , f a function on B n and C2, C3 functions on B 2 
Set 



Then 



Ni,oo<sup|C 2 (€,€')| sup|C 3 (W)| ||/||l,oo ll/'lll.oo 



Proof: Set 



»(€2,-,€n,€2,-,C) = y d C/(C,C2,C3,C4,-^) /' ,€3 - " ' </ ) 

Let Dbea decay operator acting on h. Then 
Consequently 

lll^llll.oo < SUp|C 2 | SUp|C 3 | |||X>^|||i,oo 

and therefore 

||^||l,oo < SUp \C 2 \ SUp |C 3 | II^H 1,00 

The Corollary now follows from Lemma II. 7. ■ 

Definition II. 9 Let J r m (n) be the space of all functions f(vi,---,Vrn,;£i,---£n) on B m x B n that 
are antisymmetric in the rj variables. If f(vi,-",Vm;ti,---tn) is any function on B m x B n , its 
antisymmetrization in the external variables is 

Ant ext / (m, — ,Vm;il, — in) = Yl S S D -( 7r ) /(»?7r(l)> — >*Mm);6,— £n) 

For m, n > 0, the symmetric group S n acts on T m {n) from the right by 

r(Vl,---,Vrn; 6»"-Cn) = f(Vl,---,Vm] ^(l),"--^(n)) for 7T G S n 

Definition 11.10 A seminorm || ■ || on T m {ri) is called symmetric, if for every / e T m {n) 
and n E S n 

\\r\\ = \\f\\ 



and ll/H = if m = n = 0. 

For example, the seminorms || • ||i )00 of Example II. 6 are symmetric. 
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III. Covariances and the Renormalization Group Map 



Definition III.l (Contraction) Let C (£,£') be any skew symmetric function on B x B. 
Let m, n > and 1 < z < j < n. For / G T m {n) the contraction Cone / G T m {n — 2) is 

denned as 

Cone / (r;i,-",rj m ;€i,"-,$i_i,$i + i,"-,^_i,^ + i,"-,^ n ) 

= {-l) 3 ~ l+1 J dCdC C(cc') /(»7i,-,»j m ;Ci,-,€i-i,C,^+i,-,€i-i,C , ,€i+i,-,in) 

Definition III. 2 (Contraction Bound) Let || ■ || be a family of symmetric seminorms 
on the spaces T m {n). We say that c G is a contraction bound for the covariance C 

with respect to this family of seminorms, if for all m, n,m' ,n' > there exist i and j with 
1 < i < n, 1 < j < n' such that 

|| Cone (Ant ext (/ ®/')) || <c H/ll H/'ll 

i—>n+j 

for all/ G Tmip)-, f ^T m >{n'). Observe that f®f is a function on (B m xB n ) x (£ m ' x£ n ') 
B ra+ra ' x 8"+"', so that Antext(/ ® f) G .F m+m '(n + 

Remark III. 3 If c is a contraction bound for the covariance C with respect to a family of 
symmetric seminorms, then, by symmetry, 

|| Con c (Ant ext (/ ®/')) || <c H/ll H/'ll 
for all 1 < i < n, 1 < j < n' and all / G jF m (n), /' G J^m^n'). 

Example III. 4 The Li-Loo-norm introduced in Example II. 6 has max{||C||i )00 , |||C|||oo} as 
a contraction bound for covariance C. Here, |||C|||oo is the element of ^d+i whose constant 
term is sup^/ |C(£,£')| and is the only nonzero term. This is easily proven by iterated 
application of Lemma II. 7. See also Example 11.26 in [FKTrl]. A more general statement 
will be formulated and proven in Lemma V.l.iii. 

Definition III. 5 (Integral Bound) Let || ■ || be a family of symmetric seminorms on the 
spaces jF m (n). We say that b G IR+ is an integral bound for the covariance C with respect 
to this family of seminorms, if the following holds: 
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Let m > 0, 1 < n' < n. For / G T m {n) define /' G T m {n — n') by 

f'(vi,-,Vr n U n > +1 ,-,Z n )= // d£i-d£„/ /(»?i,-,»7 m ;€i,-^„'^„' + i,-,^) ^(Ci) • • -^(0 ^c(V') 



Then 

ll/'ll < (b/2)"' 



Remark III. 6 Suppose that there is a constant S 1 such that 



< S r 



for all £i, • • • , £ n G £>. Then 2S 1 is an integral bound for C with respect to the L\-L ^-norm 
introduced in Example II. 6. 

Definition III. 7 

i) We define A m [n] as the subspace of the Grassmann algebra f\ A V that consists of all 
elements of the form 

Gr (f) = J dvi-d Vrn d^-d^ n f(vi,-,v m ;ei,-,e n ) <t>(vi) •■ -0(^)^(6) •• 'V'(Cn) 

with a function / on B m x £T\ 

ii) Every element of A m [n] has a unique representation of the form Gr(f) with a function 
/(»7i,-",7? m ;£i, •••,£„) G T m {n) that is antisymmetric in its £ variables. Therefore a seminorm 
|| • || on jF m (n) defines a canonical seminorm on A m [n], which we denote by the same symbol 



Remark III.8 For F G A m [n] 

\\F\\ < ll/H for all / G T m {n) with Gr(f) = F 



Proof: Let / G jF m (n). Then f = Yln€S Tl s S n ( 7r ) * s the unique element of T m {n) that 
is antisymmetric in its £ variables such that Gr(f') = Gr(f). Therefore 



l|Gr(/)|| = \\f'\\<^ E liril 

tt6S„ ir£.Sn 



since the seminorm is symmetric. 
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Definition III. 9 Let || ■ || be a family of symmetric seminorms, and let W(</>, ip) be a 
Grassmann function. Write 

m,n>0 

with W mjn G A m [n]. For any constants c G b > and a > 1 set 

iV(W;c,b,a) = ^c ]T « n b n ||W m , n || 



In practice, the quantities b, c will reflect the "power counting" of W with respect to 
the covariance C and the number a is proportional to an inverse power of the largest allowed 
modulus of the coupling constant. 



In this paper, we will derive bounds on the renormalization group map for several 
kinds of seminorms. The main ingredients from [FKTrl] are 

Theorem III. 10 Let || • || be a family of symmetric seminorms and let C be a covariance 
on V with contraction bound c and integral bound b. Then the formal Taylor series Qc('-W'-) 
converges to an analytic map on { W | W even, N(W; c, b, 8a) Q < ^- }. Furthermore, if 
W(</>, ifi) is an even Grassmann function such that 

N(W; c,b,8a) <^ 

then 

l\^L C [.VV.) ¥v i C, D, (Xj V a 2 i_^ r J V (W;e,b,8a) 

Here, :■: denotes Wick ordering with respect to the covariance C . 

In §V we will use this Theorem to discuss the situation of an insulator. More 
generally we have 

Theorem III. 11 Let, for n in a neighbourhood ofO, W K (</>, i/j) be an even Grassmann function 
and C K ,D K be antisymmetric functions on B x B. Assume that a > 1 and 

iV(W ;c,b,32a) < a 2 

and that 

Co has contraction bound c ^b is an integral bound for Co, -Do 

j^C k \ k Q has contraction bound c' ^h' is an integral bound for j^D K \^_ Q 
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and that c < -c 2 . Set 



Then 



N(fe\W K -W K ] K=0 ;c t b t a) < 



i 



A r (W ;c,b,32a) 





Proof of Theorems III. 10 and III. 11: 

If f(vi, ■■■,Vm; 6, ■■■£n) is a function on B m x £> n we define the corresponding element 

of A m <g> F® n as 



Each element of A m <g> V® n can be uniquely written in the form Tens(/) with a function 
/ G jF m (n). Therefore a seminorm on T m {n) defines a seminorm on A m ®V® n and conversely. 
Under this correspondence, symmetric seminorms on jF m (n) in the sense of Definition 11.10 
correspond to symmetric seminorms on A m <g> V® n in the sense of Definition 11.18 of [FKTrl], 
contraction bounds as in Definition III. 2 correspond, by Remark III. 3, to contraction bounds 
as in Definition 11.25. i of [FKTrl] and integral bounds as in Definition III. 5 correspond to 
integral bounds as in Definition II.25.ii of [FKTrl]. Furthermore the norms on the spaces 
A m [n] defined in Definition III.7.ii agrees with those of Lemma 11.22 of [FKTrl]. Therefore 
Theorem III. 10 follows directly from Theorem 11.28 of [FKTrl] and Theorem III. 11 follows 



Tens(/) 




) 0(77i) •••0(7 7m ) ®---®^(£n) 



from Theorem IV.4 of [FKTrl]. 
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IV. Bounds for Covariances 



Integral Bounds 



Definition IV. 1 For any covariance C = C(£,£') we define 



S(C) = SUp SUp ( / " • " WZm) dflcW ) 



Remark IV. 2 

i) By Remark III. 6, 2 S(C) is an integral bound for C with respect to the Li-Loo-norms 
introduced in Example II. 6. 



ii) For any two covariances C, C 



S(C + C) < S(C) + S(C) 



Proof of (ii): For £i,---,£ m G B 
Multiplying out one sees that 

m 

W&) + • • • (V>(U + V'(£m)) = E E M(p,i) 



p=0 IC{l,-,m} 

III=P 



with 



Therefore 



p=0 7C{l,- -,m} 

IJI=P 



< E E s(C) p s(c") m ~ p 

p=0 IC{l,-,m} 
|J|=p 

= (S(C)+S(C")) m 
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In this Section, we assume that there is a function C(k) such that for £ = (x, a) = 
(x , x, a, a), f = (x', a') = (x' , x', a', a') G B 

f / (f^rr e l<fc >— '>- C(fc) if a = 0, a' = 1 

C fct') = \ -6^,f*£i T e><'<>* , -*>-C(k) ifa=l,a' = 
I if a = a' 

(as usual, the case x$ = x' = is defined through the limit x$ — x' — > 0—) and derive bounds 
for S(C) in terms of norms of C(k). 

Proposition IV. 3 (Gram's estimate) 

i) 



S(C)<Jj \C(k)\ 



ii) Let, for each s in a finite set E, Xs(k) be a function on IR x IR d . Set, for a G {0, 1}, 

- < a) = J e (-D-.<M-*'>- Xa (fc) 

and 

ip 8 (x,a) = J d d+1 x' Xs(x — x' , a) tp(x' , a) 
Then for all £i, • • • , £ m G £> and aZZ si, • • • , s m G E 

r /" d+i nm/2 

^(ei)--> Sm (yrf/i C W < max / I |^| r |C(fc) Xs (fc) 2 ' 



Proof: Let 7i be the Hilbert space H = I 2 (lx R d ) <g> <D 2 . For a G {t, 1} define the element 
u(a) G (D 2 by 

W(a) -\(0,1) ifa=| 
For each £ = (x, a) = (xo, x, a, a) G B define w(£) G 7i by 

x e -t<k,x> 
I 7271 

«;(£) 



Then 



(2 ^)( d +i)/2 VICWI (8>a;(o-) if a = 

(W'+^vigwi ®^ ifa = 1 

K0IIh = / (C^r |C(fc)| forallCGB 
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and 

if £ = (x, cr, 0),£' = (x',a',l) G B. Part (i) of the Proposition now follows from part (i) of 
Proposition B.l in [FKTrl] . 



ii) For each £ = (x, a) = (xo, x, a, a) G £> and s G E define «/(£, s) G 7i by 



e \/ \C{k)\ Xs(k) cj(ct) ifa = 



(27T) 

e -»<fc.*>- C(fc) 



Xs(fc) <S> if a = 1 



Then 



and 



W(t,*)\\*H = J \C(k)\\Xs(k)\ 2 



if £ = (xo, x, a, 0), £' = (xq, x', ct', 1) G £>. Part (ii) of the Proposition now follows from part 
(i) of Proposition B.l in [FKTrl], applied to the generating system of fields ip 8 (Q- 



Lemma IV. 4 Let A > and U(k) a function on 1R d . Assume that 
Then 



Proof: For a = 0, a' = 1 

C((x ,x,a,a),(x' ,x',a',a')) =5^ J ff ^g^ j ^ e*<^' > U (k) 



- _A , f J** .<k,x-x'> r/ / kl f e A ( x » x ») if X > X' 



Let Ti be the Hilbert space H = L 2 (M d ) <g> <D 2 . For a G {|, 1} define the element w(o-) G <D 2 
as in the proof of Proposition IV. 3, and for each £ = (xq, x, a, a) G £> define G H by 



W (0 



- ,„ W2 , = a;(cr) if a = 1 

( 27r ) d/2 v /jc7(k)T v ; 
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Again 

\HO\\h = (2^F J ddk \ U M\ for a11 ^ G B 
Furthermore set t(xq, x, a, a) = Axo- Then for £ = (xo, x, a, 0), £' = (xq, x', a', 1) G B 

10 ifr(0<r(O 
The Lemma now follows from part(h) of Proposition B.l in [FKTrl]. 



Proposition IV. 5 Assume that C is of the form 

C(k) = U ^-xff 

v > iko — e(k) 

with real valued measurable functions U(k), e(k) on lR d and on IR x IR d swc/i £/iat 

< x(ife) < U(k) < 1 /or all k = {k , k) G IR x IR d . Then 



where E = sup |e(k)|. 

kgsuppU 

Proof: Write 

C(k) = 

iko-E iko-E (tko-e(k))(ik -E) 

(U(k)- X (k)) 

By Remark IV. 2, Lemma IV. 4 and Proposition IV. 3. i 

is(cf < 1 0, ic/ ( k)i + j^\£L,\ + j i £ii h | ( , tii _;;^,l_ E , (c/(k) - x( it))| 

The first two terms are bounded by 

The contribution to the third term having |/c | < E is bounded by 

f d^k I e(k)-E (u(l) r(h) \\ <2 [ d d +'k U(V-x(k) 

/ (27r) d +! I (ik„-e(k))(ik -E) \ U W X\^))\^^ (27v) d + 1 \ik -e(k)\ 

J\ko\<E J 

The contribution to the third term having |fco| > E is bounded by 

(2n) d + 1 I ( l fc -e(k))(ifc -S) 

U(k) 

\k \>E J 



Hence 



d d+1 k [/(k)-x(fc) 

(2n) d + 1 |ife -e(k)j 
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Contraction Bounds 

We have observed in Example III. 4 that the Li-Loo-norm introduced in Example 
II. 6 has max{||C||i )00 , HICIHoo} as a contraction bound for covariance C. For the propagators 
of the form (IV. 1), we estimate these position space quantities by norms of derivatives of 
C(k) in momentum space. 

Definition IV.6 

i) For a function f(k) on IR x JR d and a multiindex 5 we set 
and 

n/(*)ifoo= E h{™v\v 5 f( k )\) t5 

= E Jr( / (Cy^ \v s f(k)\) t s e m d+1 

<5eINoXlN^ 

If B is a measurable subset of IR x IR d , 

= E ir(sup|D 5 /(fc)|)t 5 
\\m\\\,B= E *(/ (fpr|D 5 /(/c)|)^e^ +1 

(JelNoXlNfJ s 

ii) For /i > and X G 

d 

= TI^fT^ + d+T E (fe ' ' ' fe)fi7 ^ 

Remark IV.7 For functions f(k) and g(k) on B C IR x M d 

ii/(*)^)iri >B <ii/(*)ni lB ii^)iroo, B 

by Leibniz's rule for derivatives. The proof is similar to that of Lemma II. 7. 
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Proposition IV. 8 Let d > 1. Assume that there is a function C(k) such that for £ = (x, a) = 

(x , x, a, a), f = (V, a') = (a^, x', a', a') G £ 

[ 6 ata .f$&e*< k >*-*'>-C(k) ifa = 0,a' = l 

*/a = i, o' = o 

Le£ S be a multiindex and < // < 1 . 

lK 2 C||U < [^T\B s C(k)\ < sup |D 5 C(fc)| 

and 

||C||l,oo < con.tTjIC^H; < const ^^TjIC^lf^ 

where vol is the volume of the support of C{k) inlRx IR d and the constant const depends only 
on the dimension d. 

ii) Assume that there is an r -times differentiable real valued function e(k) on M d such that 
|e(k)| > \i for all k G H d and a rea/ valued, compactly supported, smooth, non negative 
function U(k) on IR d such that 

Set 

9i = J a 2 = / 

J supp U J supp U 

Then there is a constant const such that, for all multiindices S whose spatial part \S\ < r — d—1, 

9i if\S\ = 



l/Oll] ^ 1 Ml'T-id fi\\\ const 

Mlloo S const 5! Ill -^1,2° llll, oo S a d+\s\ 



2\ & \g 2 if\5\>l 



The constant const depends only on the dimension d, the degree of differentiability r , the 
ultraviolet cutoff U(k) and the quantities sup k |DT r e(k)|, 7 G UNT , I7I < r. 

Hi) Assume that C is of the form 

C(k) = "< k >-*ff 

v 1 iko — e(k) 

with real valued functions U(k), e(k) on M d and on IR x IR d that fulfill the following 
conditions: 

The function e(k) is r times differentiable. \iko — e(k)| > /U /or a// /c = (fco,k) in tae 
support of U(k) — x(/c). Xne function U(k) is smooth and has compact support. The 
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function is smooth and has compact support and < x(k) < U(k) < 1 for all 

k = (fc ,k) G JR x IR d . 

There is a constant const such that 

IIICIIU < const (IV.2) 
The constant const depends on d, fi and the supports ofU(\s) and \. 

Let ro G IN. There is a constant const such that, for all multiindices 5 whose spatial part 
\S\ < r — d — 1 and whose temporal part \8q\ < r — 2, 

|pf, 2 C|||i,oo < const (IV.3) 

The constant const depends on d, r, tq, fx, U(k) and the quantities sup k |DTe(k)| with 
1 G INq, It I < r and sup fc |D"x(fc)| with [3 G INq x IN J, ft < r , |0| < r. 



Proof: 

i) As the Fourier transform of the operator D 5 ' is, up to a sign, multiplication by [— i(x — x')] 5 ' , 
we have for £ = (x, cr, a) and £' = (x', a', a') 

In particular 

W, 2 C(e,OI < / (C^r |D*C(fc)| (IV.4) 

and, for j = 0, 1, • • • , d, 



i=0 J 



where e = (1, 1, • ■ • , 1) and ej is the j th unit vector. Taking the geometric mean of (IV. 5o), 
• • •, (IV.5d) on the left hand side and the arithmetic mean on the right hand side gives 

/ +2 n \xi-4\ 1+ ^ \vuc{^)\ < ^ £ / i D5+e+e ^wi ( IV - 6 ) 

i=0 J=0 -/ 

Adding (IV.4) and (IV.6) gives 

(i+/ +2 ni^-^i i+ ^i) |p lj2 c(e,e')i 

v i=0 ' 

(IV. 7) 



< 



J=0' 
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Dividing across and using f jf. +lx — — 1 < const- ^ we get 

IK 2 c(£,£')||| 1)00 < ~».*(^ [ \D s c(k)\ + & f: S \n s+ ^c(k)\) 

J J=0 J 

The contents of the bracket on the right hand side are, up to a factor of jj, the coefficient of 
t s mTjC(k)\\\- 

ii) Denote by 

C(t k) - I rffcn r -»fent UQc) _ r/ / kV -e(k)t f ~x(e(k) > 0) if t > 

U{t,k)-J 27r e lfco _ e(k) -UWe \ x ( e (k)<0) if t < 

the partial Fourier transform of C(/c) in the fc direction. (As usual, the case t = is defined 
through the limit t -> 0-.) Then, for |5| + < r, 

i(x-xr'iK 2 c^,ni< / ^\v^ 2 B s+s, c(t-t',k)\ 

< const j d d k (\t - t'| 5 o + |*| + |5'| + | t _ t /|«o) e -|e(k)( t -t')| 
J sunn [7 



'supp (7 

< const / (i d k 
</ supp U 



( %) s « +w + ls ' l (5 + \5\ + \8'\y. (£)'°6 \ 



e(k)| 4 o + l*l + l*'l ^ |e(k)P . 

< c„„»< 2*>i ! / <i«k i^e-l-OOM/l 

</sunn[/ 1 v ;l 



e -|e(k)(t-t')/3| 



In particular, |||C|||oo < 

const and 



Kx-x') 5 '! /d*' |X>i >2 C(^OI < const 2 5 °5 ! / cf*k 

</ ^ sunn U 



< const 2 S °5 l 



Si if |<5| + |*'|=0 

if + >0 
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^l^l + IS'l 

since g\ > g 2 . As in equations (IV. 4) - (IV. 7), choosing various 5 h s with \8'\ = d + 1, 

/• , r if i<y| = o 

Integrating x' gives the desired bound on |||X> ^ ||| 1,00 - 
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iii) Write 

C(k)=C 1 (k)-C 2 (k)+C 3 (k) 

with 

d(fc)--^- 



iko — E 

x(fc) 



g3(fc) = ( , fa _:gj ) - ( f fcD _ g) ^(k)-x(fc)) 

and define the covariances Cj by 

[ ^/^re^-'^-C^fc) ifa = 0,a' = l 
C;(£,0= < ifa = a' 

l-C;(£',Q ifa=l, a' = 

for j = f , 2, 3. For a = 0, a' = f 

C 1 ((x ,x,o,a),(x' o y,a',a>)) = -6^J e'< k >— '> tf(k) { e~^~^ if xo > 4 
and, for |5| < r, < r , 

111^1,2^1 llloo < C g"o f ^0- — const lll^l^Clllll.oo < jpo + i < cons * 

By Remark IV. 7 

oo 
n=0 

so that, for \8q\ < r — 2 and |5| < r — d — 1, 

lll^l 2^2 III oo 5: const lll^l 2^*2 1|| l,oo — const 

by part (i). 

We now bound C3. Let S be the support of U(k) — x(k). On B, \iko~ e(k)| > /i > 
and |e(k)| < E 1 , so we have, for 5 = (<5o,<5) 7^ with |5| < r and Sq < ro, 

-p^S e(k)-g ^ E ( 1 I 1 \ <^ ._! E 

U (»fco-e(k))(i/s -B) - cons *|zfc -S| \jtfc -e(k)|l«l+i |ifc -e(k)| ^ - cons Vl 5 l |ifc -S| |*fc — mI 

Integrating 



D 



<5 e(k)-E 



(ik -e(U.))(ik -E) 
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< const 



It follows that 

e(k)-g 



(ifco-e(k))(ifc -B) 



< const V + V oo 

1,S . _. . 



|«|<r |«|>r 
|.5 |<r or |« l >r 



and, by Remark IV. 7, that 

||C 3 (*)lfi< const ( tS + E ™*){\\UQ*)L + \\x(k)Q 



|«|<r |«|>t 



By part (i) of this Proposition and the previous bounds on C\ and C2, this concludes the 
proof of part (iii). ■ 

Corollary IV. 9 Under the hypotheses of Proposition IV.8.U, the (d+ 1) -dimensional norm 

iicn 1)00 <^(^ 1+ ^ Yl E °°**) 

l*l>i |*|>r-d 

\6\<r-d-l 

<^( E E 

|*|<r-d-l \8\>r-d 

Under the hypotheses of Proposition IV. 8. iii 

||C||i,oo< const ( t 5 + J2 °° tS ) 

\6\<r-d—l \S\>r — d—l 

<5 I<t- -2 or |5 |>r -2 



In the renormalization group analysis we shall add a counterterm 5e(k) to the dis- 
persion relation e(k). For such a counterterm, we define the Fourier transform 1 - 1 ) 

*e(£,0 = <W' 6 a , a > S(x - x' ) J e (-^<—') Se(k) 

for £ = (x, a) = (xq, x, a, a), £' = (x', a') = (x' , x', a', a') e £>. 

Definition IV. 10 Fix ro and r. Let 

Co= E £5+ E °o**eWd + i 

|«|<r l*l>r 
« |<r or |« l> r 

The map Co(-X") = yz 2 ^ from X e 91^+1 with X < 1 to 91^+1 is use d to implement the 
differentiability properties of various kernels depending on a counterterm whose norm is 
bounded by X. 

( x ) A comprehensive set of Fourier transform conventions are formulated in §IX. 
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Proposition IV. 11 Let 

r(h \ _ t/(k)- x (fc) r (k \ _ t/(k)-x(fc) 

~~ l fc - e (k)+<5e(k) ^O^J — l fc _ e (k) 

TO^/i rea/ valued functions U(k), e(k), o~e(k) on IR d and x(/c) on E x M d t/iai fulfill the 
following conditions: 

The function e(k) isr + d+1 times differentiate. \iko — e(k)\ > u e > for all k = (ko,k) 
m i/ie support of U(k) — x(k). The function U(k) is smooth and has compact support. 
The function x(k) is smooth and has compact support and < x(k) < U(k) < 1 for all 
k = (ko, k) e IR x IR d . T/ie function 5e(k) obeys 

\\5e\\i,oc < A* + E °°t 5 

Then, there is a constant «i > s«c/i iaai if n < n\, the following hold 

i) C is an analytic function of 5e and 

|||C|||oo < const |||C — ColHoo < const |||o~e|||i )00 

and 

||C||i,oo < const e (||5e||i,oo) \\C - Colli, oo < const e (||5e||i,oo)||5e||i )OO 

ii) Let 

r (us _ t/(k)- x (fc) 

Us ^' 1 i/c -e(k)+5e(k)+s5e'(k) 

T/ien 

IH^UolL < const |||<?e'||| li00 ||iC S | s=0 ll lt00 < const c (||^||i,oo) ||5e'||i >00 



Proof: i) The first bound follows from (IV. 2), by replacing e by e — be. 

Select a smooth, compactly support function U(k) and a smooth compactly sup- 
ported function x(k) such that < x(k) < U(k) < 1 for all k = (k , k) G RxIR d , U(k)-x(k) 
is identically 1 on the support of U(k) — x(k) and \iko — e(k)| > for all k = (ko, k) in 
the support of U(k) — x(k). Let 



Then 

C(fc) 



Co(fc) Co (A;) Co(fc) 



1+^k) 1 + ^^ggfeP l + *e(k)C (ife) 

oo _ 

C (k) E (-oe(k)C (fc)) n 

n=0 
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Then, by iterated application of Lemma II. 7 and the second part of Corollary IV. 9, with r 
replaced by r + d + 1 and r$ replaced by r + 2, 



||C||i,oo < ||Co||i,oo (ll^e||i,oo II Co II i,oo) 7 

n=0 

< const c Y (const c ||5e||i )00 ) n 



n=0 



— const 

l-const' c ||<5e||i jOO 

If n\ < min{- — ^7-, 1}, then, by Corollary A.5.i, with A = { 5 E Vld+i I \S\ < r, | <5q | < ro }, 
= const , A = 1 and X = ||5e||i j00 , 



Similarly 



||C||i,oo < const 



|C — Colli, oo < 1 1 Co ||l, oo Y (ll^l|l,oo ||Co||l,oo) 



n=l 

oo 



< const c Y (const c ||5e||i j00 ) 

n=l 

< const c " l|(5g||l -°° 



1— const' Co ||<5e|| i, 



< const 



CO 11^11 



l,cx> 



l-||5e| 



l,oo 



and 



|C — Co|||oo < |||Co|||oo Y (|||^e|||i ;0 o |||Co|||l,oo) 

n=l 

< const Y (const |||5e|||i )0O ) 

< const 



n=l 
Pe|||i, c 



1— const fi 

< const |||5e|||i j0 o 



ii) As 



d-d (k)\ - [/(k)-x(fc) f J/|.\ 



the first bound is a consequence of Proposition IV.8.i. 
Let U(k) and x(k) be as in part (i) and set 

r(iA - ^( k )~^( fc ) 

~ l fc„-e(k)+5e(k) 

Then 



ds 



C s (k)\ s=Q = -C(k)C(k)5e'(k) 
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and 

:d :Cs(k)\ s=Q \\ loo < l|C||i ) oo||C'|| 1)00 ||5e / || 1)00 < const eo(||W||i,oo) 2 ||^'||i,c 



I ds 



< const e (\\Se\\ 1}CC )\\5e'\\ l!QO 

by Corollary A.5.ii. 
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V. Insulators 



An insulator is a many fermion system as described in the introduction, for which 
the dispersion relation e(k) does not have a zero on the support of the ultraviolet cutoff 
U(k). We may assume that there is a constant p > such that e(k) > p for all k G JR d . We 
shall show in Theorem V.2 that for sufficiently small coupling constant the Green's functions 
for the interacting system exist and differ by very little from the Green's functions of the 
noninteracting system in the supremum norm. 

Lemma V.l Let p m ;n be a sequence of nonnegative real numbers such that pm-n' < Pm-,n for 
n' < n. Define for f G T m ip) 

11/11 = Pm;n ||/||l,oo 

where ||/||i j0 o is the Li-L^-norm introduced in Example II. 6. 

i) The seminorms \\ • \\ are symmetric. 

ii) For a covariance C, let S(C) be the quantity introduced in Definition IV. 1. Then 2S(C) 
is an integral bound for the covariance C with respect to the family of seminorms \\ • \\. 

Hi) Let C be a covariance. Assume that for all m> and n, n' > 1 

Pm;n+n'-2 < Pm;n P0;n' 

Let c G yid+i obey 

C>||C||l,oo 

Cq > Pm + m '; n + n '-2 Nielli for ^ ^ m t n? n ' > ! 

where Co is the constant coefficient of the formal power series c. Then c is a contraction 
bound for the covariance C with respect to the family of seminorms || • ||. 

Proof: Parts (i) and (ii) are trivial. To prove part (iii), let / G jF m (n), /' G jF m /(n') and 
1 < i < n, l<j<n'. Set 

= J dC dC' /(r|i,-,T| m ^ir',fi-i, C, Ci+i,-"i^n) C(CC') 

f {rim + l ,'",Vm, + m,' i Cn + l ,"')^n+j-l , C > ?n + j + 1 , " ' ,?„_)_„' ) 
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Then 



and therefore 



If m, m' > 1 



and consequently 

J Cone Antext(/® /')|| < p m+m > ;n+n' -2 |||C|||oo ||/||l,oo ||/'||l,c 

< Co Pm;n \\f\\l, oo Pm';n' \\ f' || l,oo 

< c 11/11 11/11 

If m = or m' = 0, by iterated application of Lemma II. 7 



Con c Ant ext (/ <g> /') = Ant ext g 

i— >n+j 



Con c AnW (/ (8) /')|| < ||<?| 



blU, 00 < 11 y 11 1,00 ll|C|||oo||/'||l, 



Iblll.oo < 

^II/IIlooIICIIlooII/'H! 

and again 



/ dC /(€i,-,im;€i,-,^-i,C,€i+i,-,€n)C(c,C') ll/'lli, 



Con c Antext 1 1 < c 11/11 ||/'| 

i—>n+j 



To formulate the result about insulators, we define for a function f(xi, ■ • • , x n ), on 
(IR x IR d x {|, |}) n , the Li-Loo-norm as in Example II.6 to be 



i )00 = max sup / dxi \f(x 1 , ■■■ ,x r 

l<7<n £Cj J i=l 



Theorem V.2 (Insulators) Let r and ro 6e natural numbers. Let e(k) 6e a dispersion 
relation on IR d t/iat is at /east r + d + 1 times differentiate, and let U (k) 6e a compactly 
supported, smooth ultraviolet cutoff on IR d . Assume that there is a constant < p < ^ such 
that 

e(k) > /i for all k in the support of U 



Set 

9 = 

'supp U 



9=1 d ^wk\ 7 = max{l, v //^k tf(k) log ^ } 

</ supp [7 
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where E = max {l, sup |e(k)|}. Let, for x = (x , x, a), x' = (x' Q , x', a') G IR x IR d x {|, |} 

kgsupp [/ 



(k) 



and set, /or £ = (x, a), £' = (x', a') G £> 

C(f , C') = C(X, X 7 ) <y a ,0*o',l - ^a,l^a',0 

Furthermore let 



V(ip,ip)= / dx 1 dy 1 dx 2 dy 2 V (x l7 y ll X2 : y2)^(xi)^(yi)^(x 2 )^(y2) 

J(TRxM 2 xU,l}) 4 

be a two particle interaction with a kernel Vq that is antisymmetric in the variables xi,x 2 
andy\,y 2 separately. Set 

v= sup ^ 5{v ^ \\\V Kolll.oo 

T> decay operator 
with <5Q<rQ, |5|<r 

Then there exists e > and a constant const such that 

i) If |||Vo|||i,oo < ~~2" ? connected amputated Green's functions G i ^ ? {xi,yi,---,x n ,y n ) 
exist in the space of all functions on (IR x H d x {f , |}) 2n wi/i /iniie ||| • |||i j0 o norms. They 
are analytic functions of Vq . 

ii) Suppose that v < ■ For all decay operators V with 8q(T>) < r and \S(V) \ < r 

ll|PG2n P Hll,oo< ^ + " | g % 6 ; 3n ^ if 

|P(G 4 amP -^0)ll|l,oc<^P^^ 
amp Zi^\||| << const g~/ 4 2 



niD(Gr p -^)iiii,oo<^m^ 



where 



K(x,y) = 4 J dx'dy' V (x, y, x', y') C(x', y') 



The constants e and const depend on r, ro, U, and the suprema of the k derivatives of the 
dispersion relation e(k) up to order r + d + 1, but not on [i or Vq. 

Proof: By (1.1), the generating functional for the connected amputated Green's functions 
is 

^eT^)=^(V)(O,0) 
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To estimate it, we use the norms || • || of Lemma V.l with p m;n = 1. By part (ii) of Lemma V.l 
and Proposition IV. 5, there is a constant const such that b = const 7 is an integral bound 
for the covariance C with respect to these norms. By part (iii) of Lemma V.l, Corollary IV.9 
and part (ii) of Proposition IV. 8, there is a constant consti such that 

c = ^(£(J)' v +£- fS ) 

\5\<r \8\>r 

is a contraction bound for C with respect to these norms. Here we used that -jjx is bounded 
below by a nonzero (E and U(k) -dependent) constant. As in Definition III. 9, we set for any 
Grassmann function W(<f>, VO and any a > 

iV(W;c,b,a) = ^c ^ a n b"||W m , n || 



In particular 



and 



Observe that 



m,n>0 



iV(V;c,b, a) = a 4 b 2 c||y ||i 



iV(V;c,b,8a) < const 3 |||Vb|||i,oo (V.l) 



cii^oii 1 ,o <^(E© l ^+E-^)( E ^ tS+ E 

\5\<r \5\>r \*\<r \S\>r 

\5 \<r or |5 | >i"0 



or |<Sol> r O 



Write V = :V': C • By part (i) of Proposition A.2 of [FKTrl], 

V' = V + J dx dyK(x, y) , ip(x)ip(y) + const 

and by part (i) of Corollary 11.32 of [FKTrl] 

JV(V';c,b,a) < iV(V;c,b,2a) = 16« 4 b 2 c ||V ||i,oo 

\5\<r \5\>r 

\S \<rg or <5ol> r O 

We set a = 2 and e = 2lV . Then 

iV(V';c,b,16) <f$( E > 5 + £ 00 **) 

|«|<r |«|>r 
\5 \<r Q or « l >r 
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and, by (V.l) 

A7YV'- r K 1fi^ <r 

2e/j 



AT(V';c,b,16) < i4ir |||i,c 



Therefore, whenever |||Vo|||i,oo < V fulfills the hypotheses of Theorem III. 10 and 



£|™p(V>) = O c (:V':)(0,^) exists. Part (i) follows. 
If, in addition, v < ^A-, then 

Ar^amp w. i 9 n < 1 iV(V';c,b,16) 2 < 1 / st^u \ 2 , / t \ 

iV ^ gen - V , C, b, Z) < 2 l-JV(V';e,b,16) - 2 I 2^ / 

where 

(E l*l<- t S + J2 \«\>r OOt 6 ) 2 

/() "l-HE,J-!r + £ »:>; oof) - £ FS< + £ 004 

l*ol<n> - *ol>n> |5o| < ro or , o|>ro 

with Fs finite for all \S\ < r, |5o| < ro- Hence 

iV((? g a e T-V';c,b,2)< C on S , 4 (^) 2 ( J2 E °°*') 



|«|<r |«|>r 
|<5 |<r or «ol> r O 



with const a = | max F5. As 

8 l«l<r 

l*ol< r o 



N(Q^ - V; c,b,2) = c(4 ||Gr P " #11 + 16b 2 ||GT P - V \\ + E4(2b) 2n " 2 ||G^ P ||) 

> ^19^\ G ^P _ K hjOQ + A constW \\GT V - Voh,oo + E (con S t 7) 2n - 2 11^11 l.oo) 



n=3 

we have 

oo 

U^iamp _ _K"|| lj0o _|_ 4const 'y || G^ P — V || i j0C + E (const 7) II ^2n P II l,oo 

n=3 



<-- 4i ^M E + E 00 1 6 ) 



\6\<r \8\>r 
\S Q \<r or S Q \>r 

The estimates on the amputated Green's functions follow. ■ 
Remark V.3 

i) In reasonable situations, for example if the gradient of e(k) is bounded below, the constants 
7 and g in Theorem V.2 are of order one and log fx respectively. 
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ii) Using Lemma A. 3, one may prove an analog of Theorem V.2 with the constants e and 
const independent of r$ and 

|P>GCTkoo< const n 5(V)\ ST 6 " 2 " (^±ll) d+ ^ if n > 3 

IP(G 4 amP -^0)||koo < const 2 S(V)\g^ (^11)^1^)1 v 2 
|||D(Gr P -^)|||l,oo< const S(P)\g^ (M£±i)) d +WI J 

iii) Roughly speaking, the connected Green's function are constructed from the connected 
amputated Green's functions by appending propagators C. The details are given in §VI. 
Using Proposition IV.8.ii, one sees that, under the hypotheses of Theorem V.2.i, the connected 
Green's functions exist in the space of all functions on (MxIR d x {f , |}) 2n with finite ||| • |||i,oo 
and II 
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Appendix A: Calculations in the Norm Domain 



Recall from Definition II. 4 that the (d + l)-dimensional norm domain 9td+i is the 
set of all formal power series 

x= Yl *s Yl x * tS 

56lNoX]N^ 56lNoXlN^ 

in the variables to, t±, • • • ,td with coefficients X$ G IR + U {oo}. 

Definition A.l A nonempty subset A of INq x INq is called saturated if, for every 5 G A 
and every multiindex 5' with 6' < 6, the multiindex 5' also lies in A. If A is a finite set, then 

N(A) = min { n G IN | n5 <£ A for all ^ 5 G A } 

is finite. 

For example, if r, ro G IN then the set { 5 G INo x INq | 5q < ro, \S\ < r } is saturated and 
N{A) = max{r + 1, r + I}. 

Lemma A. 2 Let A be a saturated set of multiindices and 1,7 6 ^d+i- Furthermore, let 
/(to, • • • ,td) o,nd g(to, ■ ■ ■ ,td) be analytic functions in a neighbourhood of the origin in (D d+1 
such that, for all 5 G A, the 5 th Taylor coefficients of f and g at the origin are real and 
nonnegative. Assume that g(0) < 1 and that, for all 5 G A, 



**<A(ngr)/(*o,---,f d ) , 

V i = OT i 7 t O = ---=t d =0 

Ys<i(f[^-)g(t ,---,t d ) 

v i=0 at i 7 

Set Z = j^y and h(t) = j^y. Then, for all 5 G A, 

Zs<h(U ^)h(t ,-..,t d ) 



t =---=t d =o 



■ i=0 WL i 



t = -=t d =Q 



Proof: Trivial. 
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Example A. 3 Let A be a saturated set and a>0,0<A<|. Then 



Proof: Set 

X 



Set 



v <5eA <5£A 7 

y = a( E a ls h s + E oot 

h(t) 



<5£A 

E 

<5£A 
/(*) 



/(t) = (Ea'V) 2 =fl IT ^ 

v <5 7 i=0 ; 

^) = A(E^)=An^: 

V J! 1 = 



1 - g(t) n(l - aU) n(l - ati) - A 
By the Cauchy integral formula, with p = ^{l — d+ \j\^J 



v i=o 9 V 7 



t o =-=td=0 



z \=p J\z d \=p j=0 Vz j 

< ^| sup \h(z)\ 



zo\ = --- = \Zd\=P 



< 



< 



p\S\ (l-ap) d +! (l-ap) d + 1 -X 



,1*1 



(l-(3/4)V(d+i) 3 3/4-1/2 

< f (4(d+l)a) 151 



Lemma A. 4 

Let 1,7 6 9T d+ i mi/i X + Yo < 1 

_J L_ < i 

l-X l-Y — 1-(X+Y) 

ii) Let A be a finite saturated set and X,Y E Vld+i with Xq + Yq < |. There is a constant, 
const depending only on A, such that 

l_(X + y) < const j=x T=Y + 00 ^ e 

<5£A 
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Proof: i) 



00 00 p 00 p 

fxff = E xrnyn = E E xmyv ~ m ^ E E i p m) xmYp - 

m,n=0 p=0 m=0 p=0 m=0 

00 



p=0 



ii) Set X = X - X and F = Y - Y . Then 



< 1 



1-(X+Y) i_( Xo +Yo)-(X+y) - ^-(X+Y) 
N(A)-1 

< 2 ^ (2X + 2Y) n + J2 00 t s 

n=0 5 £ A 
AT(A)-1 n 

= 2 £ 2 n|nj|myn-m + £ ^5 

n=0 m=0 5 £ A 
AT(A)-1 n 

< 2 27V(A)-1 ^ ^X m f"- m +E°0^ 

n=0 m=0 5 £ A 
<2 2AT(A)-1^^ V OOt 6 

< 2 2AT(A)-1_J__J_ + E ^ 

5(£A 



Corollary A. 5 Let A be a finite saturated set, fi,A>0. Set c = 22seA ^ + X^a °°t S ■ 
There is a constant, const depending only on A and fi, such that the following hold. 

i) For all X e 9td+i with Xq < minj^j, 1}. 



< const 



1-ficX — 1-X 

ii) Set, for X e Vld+i, *( x ) = t^TDT • I ft l + ^ X o < h then 

t(X) 2 < const t(X) - COUSt C ( X ) 

Proof: i) Decompose X = X + X. Then, by Example A. 3 and Lemma A. 4, 

c c 



c ^ , c 1 ^ , c 1 ^ , c 

l v — 77 77 ^ const tp — const 77: 77 ^ const 
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Expanding in a geometric series 

7V(A)-1 JV(A)-1 

1 — licX — cons * ^ ^ ^ (/-*cA) n — COIls * C"^^ (l 4" /^^^) ^ ^ A™ <J const ^ C ^ <J const 
n=0 n=0 



ii) The first claim follows from the second, by expanding the geometric series. By Lemma 
A.4.ii and part (i), 



l-Sr) ~ 1 \, AX c - l-AX-/xc - const T^T^VX ^ co ^T37vx - const e(X) 
1 ^l-AX 



Remark A. 6 The following generalization of Corollary A. 5 is proven in the same way. Let 
A be a finite saturated set, //, A, A > 0. Set c = J2seA A <5 °Al <5 l t s + E«5^a 00 ^ <5 - There is a 
constant, const depending only on A and fx, such that the following hold. 

i) For all X e 9t d+ i with X < min^, 1}. 

T^x ^ const I=x 

ii) Set, for A G e(A) = T ^ . If /i + AA < \, then 

e(A) 2 < const e(A) i-ff*) - const e W 



Lemma A. 7 Let IS. be a finite saturated set and 

x = J2 XstS + J2°° tS e md + i 

SeA 5£A 

Let f(z) be analytic at X , with f( n \X ) > for all n, whose radius of convergence at X 
is at least r > 0. Let < (3 < Then there exists a constant C , depending only on A, [3, 
r and max \f(z)\ such that 
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Proof: Set a = T -^ r and X = X - X . Then 



where 



Hence 



< E ^f {n) (Xo)x™ + j2°°t s 

n<N(A) 5(£A 

oo t 



n<N(A) S(£A 



5(£A 
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Notation 



Norms 



Norm 


Characteristics 


Reference 


J ' III i ,00 


no derivatives, external positions, acts on functions 


Example II. 6 


II 1,00 


derivatives, external positions, acts on functions 


Example II. 6 


II 00 


derivatives, external momenta, acts on functions 


Definition IV. 6 


I.I ' III 00 


no derivatives, external positions, acts on functions 


Example III. 4 




derivatives, external momenta, acts on functions 


Definition IV. 6 


Woo,B 


derivatives, external momenta, B C IR x IR d 


Definition IV. 6 


II ' lll.B 


derivatives, external momenta, BcRx IR d 


Definition IV. 6 




Pm;n|| ' 111, 00 


Lemma V.l 


N(W;c,b,a) 


^E m ,.>o a»b»||W m , n || 


Definition III.9 






Theorem V.2 



Other Notation 



Not'n 


Description 


Reference 


fi s (>V)(0,V) 
S(C) 
B 


logi/e w ^+«^ s (C) 

SUp m SUp 6 ...^ me g y J>(£l)---V>(£m)G^c(V0 ) 

IR x IR d x {t, 1} x {0,1} viewed as position space 
functions on B m x £> n , antisymmetric in B m arguments 


before (1.1) 
Definition IV. 1 

beginning of §11 
Definition II. 9 
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